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Abstract 
Segal, D. and A. Shalev, Groups with fractionally exponential subgroup growth, Journal of 
Pure and Applied Algebra 88 (1993) 205-223. 
We prove that, if the subgroup growth of a finitely generated metabelian group G is not 
polynomial, then it is at least c”‘~~ for some positive integer d (where c > 1 is a suitable 
constant). For each integer d > 1 wegl$onstruct a finitely presented metabelian group whose 
subgroup growth is approximately c Finally, we establish a sharp upper bound for the 
subnormal subgroup growth of finitely presented soluble groups, and derive a new necessary 
condition for a metabelian group to be finitely presented. Our methods involve results from 
algebraic geometry and the geometry of numbers, as well as Golod-Safarevic type inequalities. 
1. Introduction 
We denote by s,(G) the number of subgroups of index at most n in a group G. 
The group G is said to have polynomial subgroup growth (PSG) if s,,(G) is 
bounded above by some fixed power of n; the study of such groups, begun in [12], 
has culminated in the recent proof that a finitely generated residually finite group 
G has PSG if and only if G is virtually soluble of finite rank [8; 5, Chapter 61. 
What can be said about the growth rate of s,,(G) if this is faster than 
polynomial? A recent work of Lubotzky [7] shows that semisimple arithmetic 
groups G with the congruence subgroup property satisfy 
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Thus it is possible for s,(G) to grow only slightly faster than a polynomial in ~1. 
If we stick to nice classes of soluble groups, however, there is a big jump between 
PSG and non-PSG: in particular we shall see that for a finitely generated 
nilpotent-by-abelian-by-finite group G, either G has PSG or (for all large n) 
s,,(G) 2 c’*’ 
for some constants c > 1 and 0 < y 5 1. Thus for soluble linear groups, for 
example, the subgroup growth is either at most polynomial, or at least ‘fractional- 
ly exponential’. This is a corollary of Theorem 1.1, which deals with metabelian 
groups. We denote by s:~(G) th e number of subnormal subgroups of index at 
most n in a group G. 
Theorem 1.1. Let G be a finitely generated metabelian group of infinite rank. Then 
for some constant c > 1 we have 
s,,(G) 2 s,Ta(G) 2 c”“* for all large n , 
where d is the Hirsch length of G”‘. 
The same result is valid for pro-p groups. It shows that the gap between PSG 
and non-PSG in metabelian pro-p groups is much larger than the gap in arbitrary 
pro-p groups. Indeed, the minimal subgroup growth of a non-PSG pro-p group is 
approximately n’Og ‘I, as shown in [13]; see also [9] for more general constructions 
of pro-p groups with intermediate subgroup growth. 
As regards upper bounds, Mann has recently shown that the subgroup growth 
of any finitely generated soluble (or indeed pro-soluble) group is at most 
exponential [lo]. Our next theorem shows that there are groups for which this 
growth is fractionally exponential, with arbitrarily small fractional exponent. 
Theorem 1.2. For each integer d > 1 there exist a finitely presented rnetabelian 
group G and constants b,c > 1 such that 
b’+ 5 s;a (G) % s,(G) 5 .I!* c for all large n. 
In our construction Gab has Hirsch length exactly d, so the lower bound on s,“” 
follows from Theorem 1.1. The analogue for d = 1 of the above result is 
immediate from Mann’s theorem; an easy example is provided by C,]C_. As we 
shall see, such examples cannot be finitely presented. 
To the best of our knowledge, Theorem 1.2 provides the first examples of 
groups with fractionally exponential subgroup growth; for analogous phenomena 
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of groups with intermediate word growth, see [6]. As may be expected, our 
analysis of metabelian groups involves some commutative algebra. However, 
while the results needed in the proof of Theorem 1.1 are fairly elementary, 
obtaining the upper bound in Theorem 1.2 seems to require somewhat deeper 
tools. The proof we give relies on a version of Bezout’s Theorem in algebraic 
geometry, as well as on Minkowski’s fundamental theorem in the geometry of 
numbers. 
The finitely presented metabelian groups that we construct for Theorem 1.2 
have periodic derived groups. Our third main result gives a general upper bound 
for the subnormal subgroup growth of groups in this class. 
Theorem 1.3. Let G be a finitely presented group having a periodic abelian normal 
subgroup A such that GIA is nilpotent. Then there exists c 2 1 such that 
sz”(G) 5 c”“’ for all n 
Combined with Theorem 1.1, this provides a large class of groups whose 
subnormal subgroup growth is ‘semi-exponential’ in a fairly precise sense: 
Corollary 1.4. Let G be a finitely presented metabelian group of infinite rank, such 
that G’ is periodic and h(G/G’) = 2. Then 
Ai& (log log s:~(G) /log n) = l/2 . 
Our last main theorem is more general, with a slightly weaker conclusion: 
Theorem 1.5. Let G be a finitely presented soluble group. Then there exists g > 0 
such that 
s:“(G) 5 n”“’ for all n . 
For comparison with the other results, we note the following immediate 
corollary: 
Corollary 1.6. Let G be a finitely presented soluble group. Then for each F > 0 
there exists c = C(E) > 0 such that 
s:~(G) % I?“‘~+~ for all n 
Combining this with a sharper version of Theorem 1.1 (Theorem 2.2), we shall 
derive a new and simple necessary condition for a metabelian group to be finitely 
presentable; its statement, which is somewhat technical, is deferred to Section 6 
(see Corollary 6.4). This result is independent of the powerful geometrical 
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methods of Bieri and Strebel [2]; however, it does depend on a recent deep result 
of Wilson [14], as do Theorems 1.3 and 1.5. 
Notation. Notation is mostly standard. Dim(R) denotes the Krull dimension of a 
ring R. The Hirsch length of a group G is denoted by h(G) and d(G) denotes its 
minimal number of generators. G is the profinite completion of G and we set 
J(G) = d(G). The minimal number of generators of an R-module M is denoted 
d,(M). If M is a ZG-module and H is a subgroup of G, then M, stands for the 
restriction of M to H. G” denotes the subgroup generated by all nth powers in a 
group G. The centre of G is denoted Z(G), the derived subgroup of G is denoted 
by G’ and we set Gab = GIG’. We write log n for log+. 
2. The lower bound and the invariant y 
Let r be a finitely generated abelian group, p a prime, and P a prime ideal of 
the group ring iF,>T. Write r, = r fl (1 + P). Now define 
y(~,,rv) = Dim(F,,T/P)/h(TIT,) 
Note that this expression is not defined if P is maximal (in which case both 
numerator and denominator vanish). So let us take y to be 0 in this case. 
If M is a finitely generated iF,Jr-module, define 
y(M) = sup{y(F,,TIPi) 1 i = 1, . . . , S} , 
where P,, . . . , P,, are the associated prime ideals of M in [F,,T. Finally, if M is a 
finitely generated U-module, set 
y(M) = supMM/pM) 1 P prim4 . (1) 
It is easy to verify the following properties of this invariant, using elementary 
results from commutative algebra. 
(i) 0 5 y(M) 5 1. 
(ii) -y(M) = 0 if and only if M has finite rank as a Z-module; if y(M) # 0 then 
y(M) z h(r)-‘. 
(iii) As p varies over all primes, y(MlpM) takes only finitely many distinct 
values, so the supremum in (1) is attained; hence y(M) is always rational. 
(iv) If r is infinite and M is a finitely generated free [F,,r-module then 
y(M) = 1. 
(v) Let A, A be subgroups of r such that A has finite index and A Q r acts 
trivially on M; then y(M,) = y(M,.) = y(M,,,,). 
Now, let G be a finitely generated metabelian-by-finite group. Then G has 
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normal subgroups A C K such that A and K/A are abelian and G/K is finite. Put 
r = K/A and define 
~((3 = Y(A,-) ; 
it is not hard to check (using (ii) and (v) above) that this is independent of the 
choices made. Property (ii) also gives rise to the following. 
Lemma 2.1. Let G be a finitely generated metabelian-by-finite group. Then 
y(G) = 0 if and only if G has finite rank. If y(G) # 0 and G is metabelian, then 
r(G) 2 h(Gab)-‘. 0 
We can now formulate the main result of this section. 
Theorem 2.2. Let G f 1 be a finitely generated metabelian-by-finite group. Put 
y = y(G). Then there exists c > 1 such that s:“(G) 2 cnY for all large n. 
This result (with the lemma preceding it) implies Theorem 1.1. The claim made 
in the Introduction about nilpotent-by-abelian-by-finite groups also follows, since 
if such a group has infinite rank then so also does one of its metabelian-by-finite 
quotients. 
The rest of this section is devoted to the proof of Theorem 2.2. 
Let A C K C G be as above, and suppose, without loss of generality, that K/A 
is free abelian. There exist a prime p and a prime ideal P of F,(K/A) such that 
y(G) = y( F,(K/A) /P). The F,(K/A)-module A has a quotient module M which 
is a finitely generated torsion-free Fp( K/A) /P-module. 
Put r = K/C,(M) = (K/A)/(K/A),, and let d = h(T). 
Set R = F,,r/ann(M) = F,,T/P where c’ is the image of P in [F,,r. Then 
Dim(R) = Dim(F,(KIA)/P) = r, say, and by definition we have 
y(G) = r/d. 
Since the theorem is trivial if y(G) = 0 we may assume that r 2 1. 
Lemma 2.3. Let L be a maximal ideal of R and denote by rL the dimension of the 
local ring R,. Then there exists a > 0 such that dim,,,(MlML”) 2 an”. for all n. 
Proof. The Hilbert-Serre theorem (see [l, Chapter 111) shows that, for some 
b >O, dimFp(R/L”) 2 bnrL for all large n. Now, M contains a copy of the 
R-module R. It follows by the Artin-Rees lemma that there exists k such that 
dim, (M/ML”) 2 dim, (R/Lnek) for all n 2 k. Taking 0 < a < b we obtain the 
desirid inequality for $1 large n. Now make a smaller if necessary to handle the 
finitely many remaining inequalities. 0 
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Now, choose a maximal ideal L of R such that rL = r (this holds for almost all 
L), and put A = r,. Note that T/A is finite since R/L is a finite ring, and that A is 
torsion-free (r has no p-torsion because char R = p, and r’ has no p’-torsion 
because it is residually a p-group, by Krull’s intersection theorem). Hence A is a 
free abelian group of rank d. For each m we have (in the ring F,,r) 
A p))’ 
- 1 c (A - 1)“‘” c L”“’ , 
and by Lemma 2.3 we see that for all m, 
dimFp(M/M(A p”’ - 1)) 2 ap’“’ (2) 
Now fix m for the moment and let B be the inverse image of M(A”“’ - 1) in A. 
Write H for the inverse image of A’“’ in G, and denote by - the natural map of H 
onto H/B. Then 2 is an elementary abelian p-group of rank k, say, where 
k 2 up”’ by (2). 
We claim that AH” has an elementary abelian p-quotient of rank k. To see this, 
note that H’ C &Z(H). Since A has exponent p this implies that H” C Z(H), 
and hence that AH” is abelian. As every subgroup of a finitely generated abelian 
group is isomorphic to a suitable factor group, the claim follows. 
Now, an elementary abelian p-group of rank k has at least pkp’ maximal 
subgroups. Since k Z= up”’ it follows that AHP has at least p@-’ normal 
subgroups of index p. 
Put 4 = IG : KI. (r : A(, s = d(KIA). Then ( G : H 1 = q~“‘~ since A is free 
abelian of rank d. We also have 1 H : AHP) = p’. It follows that G contains at least 
P 
“pI”’ , 
subnormal subgroups of index qpmd+‘+‘. 
Finally, let y1 be a large positive integer and choose m such that 
( qp.‘+‘)p”‘d 5 n < ( qp~+~)p (m+l)d 
It follows from the above that, provided y1 is large enough, G contains at least c”“~ 
subnormal subgroups of index at most ~1, where 
c=p 
42q[‘(+d+‘)- > 1 . 
This establishes Theorem 2.2. Actually, the same argument yields a stronger 
result: by choosing A above to be a G-invariant subgroup of rcontained in 1 + L, 
we could have obtained the same result for 2-step subnormal subgroups of G. 
The proof also shows that, for a suitable normal subgroup D of finite index in 
G, the pro-p completion bp of D satisfies 
s,&J 2 CnY(‘;) 
for all large ~1. 
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Finally, if G is assumed to be a (metabelian-by-finite) pro-p group to begin 
with, then Theorem 2.2 holds for G with a similar (in fact somewhat simpler) 
proof. 
3. The upper bounds: preliminary reductions 
The purpose of this section is to reduce the problem of bounding the subgroup 
growth of certain groups to that of bounding the numbers of generators of a 
certain module over various subgroups. 
If R is a ring and M is an R-module, we define 
d,(M) = sup{ d,(M) 1 iti . IS a finite quotient module of M} , 
and if R = ZG for a group G, 
d;(M) = sup{d,(A?) 1 &if . 1s a finite nilpotent quotient module of M} 
(by a nilpotent G-module we mean one on which G acts nilpotently). 
Our aim is to establish the following: 
Proposition 3.1. Let G be a group and A an abelian normal subgroup of G which 
is finitely generated as a G-operator group. Suppose that GIA has finite rank, and 
that there exist q > 0 and 0 < y zz 1 such that either (i): 
&(A) 5 q 1 G : KIY 
for every finite index subgroup K of G, or (ii): 
for every finite index subgroup K of G. Then there exists c > 1 such that, in case 
(i>, 
s,,(G) 5 cny for all n , 
and in case (ii), 
s:~(G) 5 c”’ for all n . 
In order to prove this result we need the following lemmas. 
Lemma 3.2. Let y and m 5 n be positive real numbers, and let c = eCry’-‘. Then 
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(nlm)mY~ F.
(Here e denotes the base of the natural logarithms.) 
Proof. Elementary calculus. 0 
Lemma 3.3. Let G be a group with d = d(G) < a and let M be a finitely generated 
ZG-module. Put f = dZc(M) Cm and g = &o(M). Then, for each n, the number 
of RG-submodules of index at most n in M is at most nf+2+d log “, and the number 
of ZG-submodules B of index at most n in M such that G acts nilpotently on MIB 
is at most n g+2+d log n 
Proof. Given (the elementary fact) that the number of partitions of a positive 
integer k is at most 2k-‘, it is easy to see that there are no more than n2 
isomorphism types of Z-modules of order at most n (this crude estimate can of 
course be significantly improved). 
Such a Z-module N can be generated by at most log n elements, and thus its 
automorphism group has order at most niog “. It follows that N can be made into a 
ZG-module in at most (n’Ogn)“ ways (note that a finite ZG-module is a ZG- 
module). 
We conclude that there are at most n2+d lo’ ’ isomorphism types of ZG-modules 
of order at most n. Let I be the intersection of their annihilators in ZG, and put 
&l = MIMI. Then M is finite; any ZG-submodule L of index at most n in M gives 
rise to a homomorphism from 2 onto M/L and L is determined by that 
homomorphism. Since there are at most n/’ ZG-module homomorphisms from M 
into any given ZG-module of order at most n, it follows that M has no more than 
n 2+f+d log n submodules of index at most n. 
The second statement of the lemma is proved in exactly the same way. q 
Let us now prove Proposition 3.1. Since G/A has finite rank, r say, we have 
s,,(GIA) I 11” for all n , 
where (Y is a constant depending on r [ll, Theorem 3.41. Fix a subgroup K/A of 
index m 5 n in G/A. According to our assumptions we have dZK(A) I qmY . By 
Lemma 3.3 A has at most k2+qmT+d log k ZK-submodules of index k in A, where 
k 2 1 is any integer. Let B be one of them. Then, since d(KIA) s r, there are at 
most k’ complements for A/B in K/B. 
Now suppose H is a subgroup of index at most IZ in G. Putting K = AH and 
B = A n H we see that H/B is a complement for A/B in K/B. If m = IG : KI and 
k = n/m then [A : BI 5 k. 
It follows from the preceding discussion that the number of possibilities for H is 
at most C,,, f(n, m), where 
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f(n, m) = m= . @lm)2+ymY+d ‘“dnim) . @lrn)l 
An elementary manipulation based on Lemma 3.2 shows that, for some constant 
b, we have f(n, m) % bnY for all n and m 5 IZ. Finally, let w = sup,,,~l~~~ (this is 
finite) and put c = wb. Then 
This completes the proof of case (i). 
Case (ii) follows by the same argument, provided we can show that if H, above, 
is subnormal in G, then the module A/B = A /A n H is acted on nilpotently by 
the group K = AH. Suppose H is t-step subnormal in G. Then 
[A,K ,..., K]=[A,H ,..., H]~AflH=B: 
where the commutators are repeated t times. Thus K acts nilpotently on A lB as 
required. 0 
4. Good primes and theorems of BCzout and Minkowski 
In this section we describe a class of finitely generated metabelian groups G for 
which the growth rate of s,,(G) can be estimated rather precisely; indeed, for 
these groups we establish an upper bound on s,(G) similar to the lower bound 
provided in Theorem 2.2. The fact that the class of groups we describe is not 
empty will be established in the next section. 
The following notion will play a key role. 
Definition. (1) Let P be a finitely generated abelian group, p a prime, and P a 
prime ideal of [F,,P. Write - for the natural projection lF,,T+ lF,>(T/T,). Let 
d = h(r) and r = Dim(l?,PlP). We say that P is good if r has a free abelian 
subgroup 2 of finite index such that 
(i) P II lF,z can be generated by d - r elements as an ideal of F,,%:, and 
(ii) whenever A is a free abelian subgroup of rank r in 2 and T is a maximal 
ideal of F,A, the ideal T. Fp$ + p has finite index in E,,x. 
(2) More generally, we call a finitely generated U-module good if for every 
prime p, each associated prime ideal of MipM in [F,T is good. 
(3) Let G be a metabelian group. We say that G is good if 
(i) G is finitely generated and has infinite rank; 
(ii) G has an abelian normal subgroup A such that G/A is abelian, and A is a 
torsion group which is good as a Z(GIA)-module. 
(4) A metabelian-by-finite group is said to be good if it has a good metabelian 
subgroup of finite index. 
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We now state the main result of this section. For the definition of y(G), see 
Section 2. 
Theorem 4.1. Let G be a good metabelian-by-finite group. Then there exists c > 1 
such that s,,(G) 5 c”~(“’ for all n. 
The rest of this section is devoted to the proof of this theorem. It clearly 
suffices to prove the theorem in the metabelian case. First note that, in view of 
Proposition 3.1, it suffices to establish the following. 
Proposition 4.2. Let G be a good metabelian group, and let A 4 G be as in the 
definition of goodness. Then there exists q > 0 such that 
d,,(A) 5 q 1 G : KlyCG) 
for every finite index subgroup K of G. 
The proof depends on three preliminary lemmas. 
Lemma 4.3. Let R be a commutative Noetherian ring, M a finitely generated 
R-module, and P,, . . . , P, the associated primes of M. Suppose M has a filtration 
such that each RIP, occurs m, times in its factors. Let S be a finitely generated 
subring of R. Then, for each i, 
d,(RIP,) = sup{dim,,,(Rl(P, + RL)): L a maximal ideal of S} : 
and 
d,s(M) 5 i m,d,(R/P,) . Cl 
r=l 
The proof is elementary and is left to the reader. 
The following result relies on Minkowski’s fundamental lattice point theorem 
(or rather on a suitable extension of it). The I,-norm of a vector u = 
(a,, . . . , ad) E [w” is denoted by 
Lemma 4.4. Let A be a subgroup of finite index n in 27” and let 15 r I d. Then 
there exist r linearly independent vectors a,, , v, E A such that 
lull,.. . :Iu,I,~c~~“~, 
where c is a constant depending only on d. 
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Proof. By [4, Chapter VIII, Theorem I and Lemma 11, there exists a constant 
b 2 1 (depending on d) such that any lattice of volume n in [Wd has a basis 
u,, . . . 2 u(, satisfying 
fi I4 5 bn 
where ]u], is the l,-norm of u. Since 1~1, ~~“2)ul, we obtain 
where c = b. dd12. 
Now, the index of the subgroup AC Zd coincides with its volume as a lattice, 
and so the result in the case r = d follows. 
In general, let u,, . . . , ud form a basis of A satisfying (3). Assuming 1 u, ( , 5 
luzl, I--.s~u,~~, as we may, we obtain 
as required. 0 
The next lemma is a form of Bezout’s Theorem in algebraic geometry. As we 
have been unable to find a suitable reference for the version we need, we sketch a 
proof for the reader’s convenience. 
Lemma 4.5. Let k be a field and R = k[X,, . . . , X,,,] the polynomial ring. Let 
f,, . . . , f,, E R be of (total) degrees e, , . , e, respectively, and let I be the ideal 
they generate in R. Suppose dim,(RII)<m. Then 
dim,(RlI) 5 e, . . . . . e, . 
Proof. Since I has finite codimension in R, the sequence {A} is regular, i.e. each 
element f, is not a zero divisor modulo the ideal generated by its predecessors. 
Now, suppose first that the polynomials are homogeneous, and set Z, = 
(f,, . . . , 6.) for Osj- < m w ( h ere I,, = (0)). Then each R, = R/Z, is an N-graded 
ring, and as such it has a Hilbert-Poincare function F,(z) = znrO a,(j)Y where 
a,(j) is the dimension of the nth homogeneous component of Rj. Clearly 
F,,(z) = (1 - z))” . 
Since f, is homogeneous of degree e, and is not a zero divisor in R,, = R we have 
F,(z) = F,,(z)(l- z”) = (1- z)_“(l- Ze’). 
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Proceeding in this manner we obtain 
F,,(z) = (1- z))” fi (1 - ZP’) = fi (1+ z + z2 +. . . + zq . 
j=l ]=I 
This function has no poles at z = 1 and substituting z = 1 in it we get 
dim,(R,n) = c a,,(m) = F,,,(l) = fi e, 
,1 ro /=I 
which proves the claim. 
The proof for non-homogeneous polynomials is obtained by a standard homog- 
enisation process and is left to the reader. 0 
The main step in proving Proposition 4.2 is the following: 
Lemma 4.6. Let r be a finitely generated abelian group, p a prime, and P a good 
prime ideal of F, r. Then there exists q > 0 such that for each finite index subgroup 
A c r and each maximal ideal L of F, A we have 
dim F,, ,,,(F,Jl(P + L . [F/J-)) 5 q . Ir : Ay 1 
where d = h(T/T,) and r = Dim(F,TIP). 
Proof. We may assume (to simplify notation) that r, = 1. Let 2 = (x,, . . , x,) 
be the subgroup of r specified in the definition of good prime ideals. Let A be a 
subgroup of finite index in r and let L be a maximal ideal of F,A. Put 
A,,=AnZ. Then 12: A,,lzlr: Al, and L,, = L n F,, A,, is a maximal ideal of 
F,,A,, (as F,,AIL is a finite field). 
Moreover, it is easy to see that 
dim F,j ,,,(6,r3P + q,r)) 
sir: XI-dim F,,A,,l&JV f-I F/J + L&J)) . 
We may therefore simplify notation further and replace r by 2 and P by P n lF,Z; 
note that d, r remain unchanged in this process. 
So let A be a subgroup of finite index n in C and let L be a maximal ideal of 
5,A. We have to show that 
(4) 
where q is independent of A, L, n. 
The first step is to invoke Lemma 4.4; this shows that A contains a free abelian 
subgroup A = (h,, . . , h,) of rank r, where 
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and 
(here c depends on d only). 
Put T = L f’ 5,A and note that T is a maximal ideal of F,, A. Since P is good, 
this implies that S = F,ZI(P+ TF,,Z) is finite. It also follows that P has a 
generating set { gl+, , . . , gn} of size d - r. 
We may-and do-choose each g, = g,(x,, . . , xd) to lie in the subring 
E,[x,, , . , xd] of F,,Z, and denote by e, the total degree of g, in x,, . , xc,. 
Now put k = F,, A IT, and consider the polynomial ring 
R = k[X,, . . . , X,, Y,, . . . , YJ 
in 2d variables. Assume, for the moment, that P + TF,C is a proper ideal of lF,,TZ. 
Its intersection with F,A is then equal to T, so we can identify k with the image of 
F,,A in S. We thus obtain a ring epimorphism 0 : R -+ S with X,0 = X, and 
Y,O = X,-l for each i, where X is the image of x in S. 
It is easy to verify that ker 0 is generated by the elements 
X,Y;-1 (lzisd), g;(X ,,..., X,) (r+lsisd) 
and 
h(X ,,“‘., X,,Y, ,...) Yd)_/_Lj (lsisr), 
where for each i, pi= h, + TEF,AlT= k and 
f, = n xy n y,v . 
{j: w,,zO) {,: w,,<O) 
Note that deg( i.) = c;=, (w,l and so 
,fi deg( S,) 5 cnrld 
by (5). Since ker 0 is generated by 2d elements and has finite index in R (as S is 
finite), Lemma 4.5 is applicable. It shows that 
dim,(S) = dim,(Rlker 0) 5 2d ;=r+, e, I? deg(f,) fi 
i=l 
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and thus 
dim,(S) 5 qnrid , (6) 
where q = 2”. nf=,+, e, . c. 
This was under the assumption that P + TF,,X is a proper ideal of F,,X:; but of 
course the conclusion stands trivially otherwise, since then S = 0. 
The desired result (4) now follows from (6), since k is a subfield of lF,,AlL and 
ff,I,C/(P+ LF,,X) is a quotient of S. q 
The proof of Proposition 4.2 is now readily completed. Let G and A satisfy the 
assumptions of the proposition and set r= G/A. Since A is both Z-torsion and 
Noetherian as a U-module, AipA is non-zero for only finitely many primes p. 
Let K be a finite index subgroup of G and set A = KAIA C r. Then 
II- : Al 5 IG : KI 
and 
dzK(A) 5 $,,(A) = ~up{d~,,,,(A/pA): p a prime} . 
Also, by hypothesis, for every prime p each associated prime ideal of AlpA in 
F,,r is good. The result now follows from Lemmas 4.3 and 4.6. 
5. The existence problem 
In this section we show that the preceding theorem is not vacuous, by proving 
that for every positive integer d there exists a good metabelian group G satisfying 
h(Gtib) = d and y(G) = 1 ld (and that we can make G finitely presented if d 2 2). 
This fact, combined with Theorems 1 .l and 4.1, clearly implies Theorem 1.2. 
Let P be a free abelian group of rank d 2 1, and let p be a prime. A prime ideal 
P of R = [F,]T is called faithful if P’ = 1. Suppose P is faithful and good, with 
Dim(RIP) = r 2 1; and let G be any extension (for example, the semi-direct 
product) of the P-module R/P by r. It is clear that then G is a good metabelian 
group, with y(G) = r/d and h(G”‘) = d. Thus our task is reduced to the construc- 
tion of a good faithful prime P of R such that Dim(RIP) = 1. This turns out to be 
rather easy, because of the following lemma: 
Lemma 5.1. Let r be a free abelian group of rank d 2 1, let p be a prime, and let 
R = F, r. Then every faithful prime ideal of height d - 1 in R which is generated by 
d - 1 elements is good. 
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Proof. Let P be a prime ideal of the indicated type. We must show that if 
1-f x E r and L is a maximal ideal of F,(x), then P + LR has finite index in R. 
Since iF,> (x) IL is finite, we have x”’ - 1 E L for some m > 0. Since P is faithful, 
X nz - 1 j?? P, and so its image is not a zero divisor in R/P (as P is prime). Now, 
Dim(Rl P) = 1 by our assumptions. It follows that RI(P + (x"' - l)R) is a finitely 
generated If,-algebra of Krull dimension zero, hence a finite ring. The result 
follows. 0 
We now exhibit prime ideals of the type mentioned above. Given d 2 1 let 
f,(x), . . , fd_,(x) be distinct manic irreducible polynomials in F,[x], all different 
from x. Let r be the free abelian group on x,, . . . , xc, and consider the following 
ideal of R = 5,T: 
p= (f,(Xd> -x1> f,(x,) - x2,. . . 2 i,-l-,(x,) -x&l) 
Then 
R/P= ~,,(x)[f,W’, fh-‘, . . . , f&x)-‘] 
is an integral domain of dimension one. It follows that P is a prime ideal of height 
d - 1 which is generated by d - 1 elements. 
It remains to show that P is faithful. Suppose otherwise. Then there exist 
integers e,, . . . , ed not all zero such that 
Putting f,(x) = x this translates to the following identity in R/P: 
fi A(x)" = 1. 
1=I 
(7) 
Since f,, . . . , fd are distinct irreducibles of F,[x], equality (7) violates unique 
factorization in that ring. We conclude that P is faithful, hence good by Lemma 
5.1. 
The fact that the groups we have constructed are in fact finitely presentable, 
provided that d 2 2, may be deduced from the celebrated criterion of Bieri and 
Strebel, [2, Theorem A], with the help of Theorem 2.1 of [3]. These reduce the 
problem to verifying the following claim: considering r = ( fi, . . . , fd) as a 
subgroup of the field F,(x), there do not exist a non-zero homomorphism 
8 : r+ R and a strictly negative real number A such that both f3 and he can be 
extended to valuations of the field F,(x). We leave this as an exercise for the 
interested reader (note that it is only necessary to consider the (J)-adic valua- 
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tions, for i = 1, . . , d, and the valuation which assigns to a rational function f/g 
the value deg g - deg f ). 
This completes the proof of Theorem 1.2. 
It seems likely that more general constructions of good primes will give rise to 
more types of fractionally-exponential subgroup growth. We anticipate that for 
every rational number (Y E (0, l] there exists a metabelian group whose growth is 
approximately c”“. We leave this for a later project. 
6. Subnormal subgroup growth 
We shall say that a group G satisfies the condition YV(cr) if there exists f > 0 
such that 
d(K”‘) 5 f ) G : K(” 
for every subgroup K of finite index in G (and we call f the coefjlicient). Our 
results on finitely presented groups depend on recent work of J.S. Wilson on 
Golod-Safarevic inequalities; we need a specific corollary of this, which we state 
as the following theorem: 
Theorem 6.1. [14, Corollary B]. Every finitely presented soluble group satisfies 
W(112). 
Theorems 1.3 and 1.5, stated in the Introduction, are direct consequences of 
this together with the two main results of this section: 
Theorem 6.2. Let G be a finitely generated group having a periodic abelian normal 
subgroup A such that G/A is nilpotent. If G satisfies W(o), where 0 -C (Y 5 1, then 
there exists c 2 1 such that 
s:~(G) % c”” for all n . 
Theorem 6.3. Let G be a soluble group satisfying W(o), where 0 < CY 5 1. Then 
there exists g > 0 such that 
s,ya(G) 5 n’“” for all n 
Before embarking on the proofs, we note the following: 
Corollary 6.4. If G is a finitely generated metabelian group with y(G) > 1 I2 then 
G cannot be finitely presented. 
Here, y(G) denotes the invariant defined in Section 2. 
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Proof. Put y = r(G) > l/2, and suppose that G is finitely presented. Choose 
E > 0 with 112 + F < y. Then Corollary 1.6 and Theorem 2.2 provide constants 
c, > 1 and c* such that 
for all large II. Letting n tend to w yields a contradiction. 0 
Note that the finitely presented metabelian groups G constructed in Section 5 
have y(G) = l/d. Taking d = 2 shows that Corollary 6.4 is a best possible result. 
Indeed, the inequality y(G) 5 112 is the only restriction imposed on y(G) by 
finite presentability of a metabelian group G. To demonstrate this, suppose given 
any positive rational number y = r/d 5 l/2. Let r = (x,, . . , x,) be free abelian 
of rank d, and let G be any extension of the r-module lF,r/P by r, where P is 
the ideal 
(x r+l -x,+a ,,.‘., Xzr -x, + a,, x, - .x,~ + a,_,: 2r< i 5 d) , 
al,. . . , ad&r are distinct non-zero elements of lF,,  and j2r+, , . . . , jd are arbitrary 
indices in the range { 1, . . . , r} . It is easy to see that then y(G) = y, and the main 
result of [2] may be used to verify that G is finitely presented. 
Now we prove Theorem 6.2. Let G and A be as stated. Then A is a Noetherian 
G-module, by a theorem of P. Hall [15]. Hence the following lemma will reduce 
the theorem to case (ii) of Proposition 3.1: 
Lemma 6.5. Let ACIG be as in Theorem 6.2, and suppose that G satisfies W(CY). 
Then there exists q > 0 such that, whenever K is a subgroup of finite index in G and 
B is a K-submodule of A such that K acts nilpotently on A/B, we have 
d,,(AIB) 5 qlG : KI” 
Proof. Let 7r be the finite set of primes involved in the torsion of A, put 
h = h(GIA), and let G,IA be a torsion-free nilpotent normal subgroup of finite 
index m, say, in CIA. Denote the nilpotency class of G,IA by c. 
Now suppose K and B are as above, let n = 1 G : KI and put H = AK f’ G,. 
Then HIA is torsion-free, and ]G : HI 5 mn. 
An elementary argument shows that 
d,,(AIB) %max{d(AIAPIA, H]) 1 p E n} . (8) 
We wish to bound the right-hand side of this. So let us, for the moment, fix p E g, 
and write - : H+ HIA,[A, H] for the natural map. Since fi is nilpotent of class 
at most c + 1, each element of HP’+’ ’ 1s the pth power of an element of fi (see [16, 
Chapter 6, Proposition 11). As HIA is torsion-free and A has exponent p, this 
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implies that HP’+’ fl A = 1. Thus putting L = A”[A, H].H”‘+’ we have A/ 
A”[A, H] z AL/L, and so 
d(A/A”[A, H]) % d((AL)“b) rf(G : ALI” , 
where f is the coefficient of ‘S’(cy). Now IH : AL 15 p(‘+‘)“, so 1 G : AL 1 5 
P (C+““mn and we conclude: 
d(AIA”[A, H]) ~fp(~+~)~~rn?z~ . (9) 
The lemma now follows from (8) and (9), on putting 
q=f.max{p”+“h*: pEn}.m”. Cl 
Finally, we give the rather easy counting argument which is the 
Proof of Theorem 6.3. Let G be a soluble group of derived length I, satisfying 
?$‘(a) with coefficient jY Put q = c*+~ where c = eCeu)- (as in Lemma 3.2). We 
shall prove that for each II and t, the numbers, (‘) of t-step subnormal subgroups of 
index at most y1 in G satisfies 
If K is subnormal of index at most n in G, then is t-step subnormal with 
t I log n; thus (10) implies 
where g = 1. log q. Thus the theorem will follow once (10) is proved. 
To prove (10) we argue by induction on 1. Let A be the (I - 1)th term of the 
derived series of G. Let H/A 5 G/A, and consider subnormal chains 
H= H,,DH,D...DH,= K (11) 
such that AK = H and IG : K[ 5 n. 
Fix i 5 t for the moment, and put IG : Hi_,/ = m. The condition ?Y(cY) gives 
d(H;“_b,) 5 fm”. It follows (from Lemma 3.3 for example) that Hl??b, has at most 
(nlm)2+fm” subgroups of index at most n/m, and a simple application of Lemma 
3.2 shows that this number is no more than qna. Now if Hi occurs below Hi_, in 
(ll), then IH,- , : HiI 5 n/m, and Hz!_, 4 Hi 5 Hi_, since H,_, = H,(H,-, n A). 
Hence there are at most q@ possible vhoices for Hi once Hi_, is given. 
We conclude that, once H is given, the number of possibilities for K is at most 
9 “I*. Now if K is any t-step subnormal subgroup in G, then K occurs at the bottom 
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of a chain (ll), where H/A = AK/A is t-step subnormal in G/A. By inductive 
hypothesis, we may suppose that G/A has at most q(‘-‘)‘“” t-step subnormal 
subgroups of index at most II. Thus (10) follows. 0 
References 
[I] M.F. Atiyah and I.G. MacDonald, Introduction to Commutative Algebra (Addison-Wesley, 
Reading, MA, 1969). 
[2] R. Bieri and R. Strebel, Valuations and finitely presented metabelian groups, Proc. London 
Math. Sot. (3) 41 (1980) 439-464. 
[3] R. Bieri and R. Strebel, A geometric invariant for modules over an Abelian group, J. Reine 
Angew. Math. 322 (1981) 170-189. 
[4] J.W.S. Cassels. An Introduction to the Geometry of Numbers (Springer, Berlin, 1959). 
[5] J. Dixon, M.P.F. du Sautoy, A. Mann and D. Segal, Analytic pro-p groups, London Mathemati- 
cal Society Lecture Note Series, Vol. 157 (Cambridge University Press, Cambridge, 1991). 
[6] R.I. Grigorchuk, The growth of p-groups and torsion-free groups, Math. USSR-Sb. 54 (1986) 
185-205. 
[7] A. Lubotzky, Subgroup growth and congruence subgroups, in preparation. 
[8] A. Lubotzky. A. Mann and D. Segal, Finitely generated groups of polynomial subgroup growth, 
Israel J. Math., to appear. 
[9] A. Lubotzky and A. Shalev, A-analytic pro-p groups, Preprint. 
[lfl] A. Mann, Positively finitely generated groups. Preprint. 
[ll] A. Mann and D. Segal, Uniform finiteness conditions in residually finite groups. Proc. London 
Math. Sot. (3) 61 (1990) 529-545. 
[12] D. &gal, Subgroups of finite index in soluble groups I. in: Groups-St Andrews 1985, London 
Mathematical Society Lecture Note Series. Vol. 121 (Cambridge University Press, Cambridge, 
1986) 307-314. 
[13] A. Shalev, Growth functions, p-adic analytic groups, and groups of finite coclass. J. London 
Math. Sot., to appear. 
(141 J.S. Wilson. Finite presentations of pro-p groups and discrete groups, Invent. Math. 105 (1991) 
177-183. 
[lS] P. Hall, Finiteness conditions for soluble groups, Proc. London Math. Sot. (3) 4 (1954) 4199436. 
[16] D. Segal, Polycyclic Groups (Cambridge University Press, Cambridge, 1983). 
